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Abstract. It is argued that the Gibbs-Duhem equation 
alone cannot be used for deriving conclusions about 
the pressure gradient in membrane permeation. State- 
ments regarding spatial variation of pressure in con- 
junction with chemical potential gradients of the com- 
ponents can legitimately be drawn from an equation 
that results from a combination of the G-D equation 
and the mechanical equilibrium equation. The derived 
equation has been applied here for explaining the me- 
chanics of osmosis. In a further application, the fric- 
tional model has been improved here because the driv- 
ing force also includes the membrane-solute potential 
interaction, thus allowing the solute partition coeffi- 
cient to appear in the calculations naturally. By recog- 
nizing that because of the membrane-solution interac- 
tion, external forces of both potential and frictional 
character are present, the dissipation function is 
shown to depend explicitly on the centre-of-mass ve- 
locity. Thus the reference velocity for diffusive fluxes 
cannot be chosen arbitrarily, making Prigogine's theo- 
rem invalid in this approach to describing membrane 
permeation. 

Key words; Gibbs-Duhem equation, mechanical equi- 
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I. Introduction 

Irreversible thermodynamics has been widely applied 
for describing membrane processes. As presented in 
textbooks (e.g., de Groot and Mazur 1962), the theory 
is very general. It copes with all transport processes 
that may occur in open, non-isothermal and non-iso- 
baric systems; it describes both diffusive and viscous 
flows, it allows for chemical reactions and external 
fields that may be present in the system. However, it 
does need some modification when applied to mem- 
brane transport. First, it should be noticed that all 

interactions of a solution with the membrane should 
be classified as external. Thus, solute-membrane and 
water-membrane interaction forces should be treated 
as external forces, which can be of potential and/or 
frictional character. So in addition to external poten- 
tial field forces we have to consider external friction 
forces in an irreversible thermodynamic treatment of 
membrane permeation. Second, we notice that mem- 
brane systems operate in mechanical equilibrium, 
whenever we restrict ourselves to membranes which, 
owing to their dense structure, do not allow viscous 
flow to occur and which are in the state of swelling 
equlibrium. This allows us to make considerable sim- 
plifications in the theory. 

In this report we show that the above two obser- 
vations have an important bearing on the mechanics 
of membrane transport. Besides being a thermody- 
namic process, membrane permeation is also a me- 
chanical process of flow occurring usually under the 
condition of spatial variation of pressure. Conclusions 
regarding the occurrence of pressure gradients were 
drawn from the Gibbs-Duhem equation written in the 
form: grad p = ~2 cl grad #~. 

Expressing the chemical potential of ith species as 
#i = #o+ ~ p  + #~ and putting ~2c~ ~ = 1, we get the 
equation transformed to Zc~ V#~ = 0. This is the true, 
non-trivial content of the G-D equation, i.e. the con- 
centration-dependent parts of chemical potentials are 
not independent. The G-D equation makes no state- 
ments about the occurrence of a pressure gradient. It 
says only that if a pressure gradient exists then it is 
equal to the term Zc~V#~. A pressure gradient is a 
force, and the question of its existence must involve the 
momentum balance equation. In mechanical equilibri- 
um and in the absence of viscous flow this equation 
reduces to Vp = Y~clf ext. The external force f ext is the 
membrane-species interaction force, composed of po- 
tential and frictional interactions:j~ ext = fext.,  + ~/ext" f. 
With this and putting V#~ _fext.p = V#i(x) by defini- 
tion, the G-D equation together with the mechanical 
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equilibrium equation results in 5~ ci (V #i (x) __j~/ext • f )  : 0. 
Only this equation, and not the G-D equation alone, 
allows us to draw correct conclusions about the exis- 
tence of a pressure gradient in conjunction with chem- 
ical potential gradients of the components. This equa- 
tion has already been applied by the present author 
for explaining the mechanism of osmosis (Tomicki 
1978 a, b) and capillary osmosis (Tomicki 1985). 

In the present work we give a deeper theoretical 
justification for the proposed approach and further 
examples of its application. First by treating the equi- 
librium between permeant within and outside the 
membrane as an interface equilibrium we incorporate 
the approach in the formalism of equilibrium thermo- 
dynamics. Then we also incorporate it in the irre- 
versible thermodynamic description. 

The introduction of external forces of friction (in 
addition to potential ones usually present in irrevers- 
ible thermodynamic treatments) makes diffusive en- 
tropy production explicitly dependent on the centre- 
of-mass velocity. This velocity cannot, therefore, be 
replaced by any other reference velocity in the defini- 
tion of diffusional fluxes. Hence Prigogine's theorem 
does not hold for this way of describing membrane 
permeation. The useful results of the present treatment 
are derived for diffusive type of flow. Therefore they 
are applicable to membranes within which viscous 
flow cannot develop, which I think is the normal situ- 
ation, especially in biological membranes. 

II. Equilibrium between the membrane 
and the bathing solution as an interphase equilibrium 
and the Gibbs-Duhem equation 

In order to successfully describe membrane phenome- 
na, first we have to have a means by which the thermo- 
dynamic state of the permeating solution can be de- 
scribed both inside and outside the membrane. The 
solution outside is a free solution and it can be well 
described by the well-known thermodynamics of free 
solution. The solution within, however, being in direct 
and close contact with the membrane matrix, is defi- 
nitely not free. It has to share not only space with the 
membrane, but its thermodynamic characteristics are 
altered owing to forces of interaction between the solu- 
tion and membrane. A hydrophilic membrane matrix 
lowers the potential energy of water molecules which 
are in close contact with the matrix. It also affects 
water structure and thus the whole solution. The resul- 
tant effect is a changed free energy density of the ma- 
trix-bound solution as compared to that of the free 
solution outside the membrane. Thus we can legiti- 
mately talk of two phases: one being the solution in- 
side the membrane and the other the solution outside 
the membrane. Treating the solution within the mere- 

brane and the solution outside the membrane as a 
two-phase system we account for all equilibrium mem- 
brane-solution interaction and thermodynamically 
nothing else matters. The fact that the solution within 
the membrane does not occupy the whole geometrical 
space but only that fraction which is left free by the 
membrane matrix has no thermodynamic significance, 
provided we refer all state parameters to that solution- 
occupied fraction of space. 

The solution-membrane interaction may of course 
vary from place to place within the membrane because 
the membrane may not be homogeneous. Even if it is 
homogeneous we find a very strong position depen- 
dence of the interaction throughout the interphase 
boundary when treated as a layer of finite thickness 
with continuous profiles of all the parameters. Space 
variation of the interaction brings about gradients of 
thermodynamic state functions. Thus, for instance, a 
gradient of the Gibbs free energy density of the solu- 
tion can occur, implying the existence of an external 
force on the solution, which of course can only be the 
membrane-solution interaction force. The existence of 
external forces means that the system can exchange 
energy with the surroundings in the form of work, 
other than the expansion work, p dV. We are con- 
cerned here with situations when the system is allowed 
to perform work at the expense of its own energy, and 
not when the external force performs work on the sys- 
tem. Therefore the work term in the first law of ther- 
modynamics must be taken with the minus sign. Al- 
lowing also for the second law we have for the state of 
thermodynamic equilibrium the equation (Gumifiski 
1964): 

c~U - T b S  + p f V  + 6 W =  0 (1) 

The "6" sign means virtual (imagined) variations of the 
respective quantities, as in the state of thermodynamic 
equilibrium they in fact do not change. In terms of the 
Gibbs free energy G = U --  T S  + p V  and for constant 
temperature and pressure, Eq. (1) reads: 

6G= - 6 W  (2) 

We now apply this general equilibrium condition to 
our membrane-bound solution. Assuming that the 
membrane-solution interaction may vary continuous- 
ly in space, we have in fact a continuous transition 
from one phase to another. To avoid undue mathemat- 
ical complications, we chose a system which is non-ho- 
mogeneous in one direction only, i.e. in the x-direction, 
and consider a bar of length d and unit cross-section 
aligned-with the x axis, which begins where the ho- 
mogenous phase (') ends and ends were the homoge- 
neous phase (") begins. The total free energy of the bar 
can be expressed as 

d 
G -- ~ 9 (x) dx (3) 

0 



where the volume density of free energy is g(x)= 
g(T, p, n~, x), i.e. is a function of temperature, pressure, 
number of moles of each species and of position x. So 
the variation of g (x) at constant T and p is given by 

~g (x) ~g (x)¢ 
cSg(x) = Z 7 6 n l  +  T-x ox cni 

(4) 

Since g (x) = dG (x)/dx and Og (x)/Sx = __fext, 

dE ] 
5g (x) = ~ dx ~nl - f ( x )  6x (5) 

By definition (SG(x)/Sn,)T,p,.~. =tzi(x) is the aug- 
mented chemical potential of the ith species. By virtue 
of Eq. (2) we obtain: 

i 6 n i - f ( x ) 6  d x = - ~ f ( x ) 6 x d x  (6) 
0 0 

As 6n~ are variations of physically independent compo- 
nents, it is possible to transfer from phase to phase 
only any one of them at a time. Putting 5n~ ~a 0 and 
( ~ Y l j ¢  i = O, we get from Eq. (6) d/zl = 0 meaning that 
#'~ = #'[. These are independent equations that should 
hold for thermodynamic equilibrium of the two 
phases. However, the system is also in mechanical 
equilibrium and therefore an additional condition 
must hold, i.e.: 

Vp = f~ t (x )  (7) 
d 

On integration, this requires that p" - p' = ~ f(x) dx. 
0 

This mechanical equilibrium equation together with 
the c~ equations expressing thermodynamic equilibri- 
um give us ~ + 1 equations imposed on the system. 
The number of independent intensive parameters of 
the system is: 2(c~ - 1) concentrations, two pressures 
and one temperature. Subtracting the number of 
equations from the number of parameters we find that 
the number of degrees of freedom s = a. This result is 
in accord with the Gibbs phase rule saying that 
s = ~ - fi + 2, as fi equals two in our case. 

By definition of G and the first law of thermody- 
namics we have for volume density of free energy the 
expression: 

dg(x) = - s d T +  dp+ ~#i(x)dci-fextv(x)dx (8) 

On the other hand, g(x) can be expressed by the partial 
quantities #i (x) as follows: g (x) = Y.cl #1 (x). The differ- 
ential of this when compared with (8) gives us 

dp = Zcld#~(x) + f~xtVdx (9) 

This when combined with the mechanical equilibrium 
equation (7) results in 

v# , (x )  = 0 (10) 

This equation corresponds to the Gibbs-Duhem 
equation for the thermodynamics of free solution: 
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Y~ci V#i = Vp. In order to find a relationship between 
the two equations, we have to have correlation be- 
tween #i(x) and #i. Our membrane-bound solution 
can be regarded as free solution when we leave aside 
the mechanical energy. Then the normal chemical po- 
tentials describe the system and the Gibbs-Duhem 
equation holds. Allowing also for the mechanical equi- 
librium condition: Vp = ~_.Ci~ ext'p, we get 

Zc i (V# , .  f~xt.v) : 0 (11) 

Comparing (10) with (11) we see that V#i (x)-- 
- f  . Now by definition we put V#~ = __fext-,. V#i -ext 

So, V#~(x) = V(#~ + #2) and thus #~(x) = #~ + #~ = #o 
+ ~p  + #~ + ~ ,  where #~ is the concentration-depen- 
dent part and #f is an excess part of the augmented 
chemical potential #~(x). It represents the total 
mechano-thermodynamic potential of a mixture com- 
ponent, and thus - V#~(x) is the total driving force on 
the component.  In the stationary state this force must 
be balanced by the total force of friction: 

f r  _ V#~(x) = 0 (12) 

This we multiply by c~ and sum. 

Zc~(fext.y + f i , t - f )  _ Zc ,  V#,(x) = 0 (13) 

As the forces of internal friction add up to zero, we 
obtain 

_foxt. )= 0 (14) 

As mentioned in the introduction, this equation results 
also from trivial combination of the Gibbs-Duhem 
equation and the mechanical equilibrium equation. 
Now we see that such trivial derivation can be thermo- 
dynamically corroborated when the free energy and 
thus also the internal energy functions are augmented 
with the potential energy of the membrane-solution 
interaction. 

Using the relation between #i(x) and #1, and the 
mechanical equilibrium condition, one can easily see 
that Eq. (10) is compatible with the G-D equation. 

IlL Irreversible thermodynamics 
for membrane permeation 

We now incorporate Eq. (14) in the formalism of irre- 
versible thermodynamics. The starting point is the mo- 
mentum balance equation for a solution permeating 
through a membrane: 

dt7 
Q d t  = - Div~ + }20i(f  ext'p +f~xt.z)  (15t 

All forces in this section are forces per mass unit al- 
though denoted in the same way as forces per mole of 
the previous section. This equation differs from that 
used in standard treatments in that it contains external 
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forces of friction f/ext.f besides those of potential field 
forces f:xt.p. By standard procedures (Baranowski 
1974) we can obtain from Eq. (15) the kinetic energy 
source term of the form (neglecting the kinetic energy 
of diffusion): 

a k = r~:Grad6 + 6 Z 0 i ( f  ~xt: _~_f/ext.p) (16) 

The potential energy source term has the form: 
ap = - y , O ~ f ~ t . p .  Because of the energy conserva- 
tion law, we have the following balance equation for 
total energy per unit mass: 

6 0 e _  div/-e (17) 
6t 

Total energy is composed of kinetic, potential and in- 
ternal energy and its source term is equal to zero: 

a~ = a k + a~ + a, = 0 (18) 

Hence a, = - a k -  % .  Having the source terms of 
kinetic and potential energy calculated, we can obtain 
(after dropping the viscous dissipation term in 
~ :Grad~  = pdiv~ + ~ ¢ : G r a d ~ )  

ae.= - p d i v { ) q - Z ~ f i e ~ t ' P - g Z O i ~  ~xt'f (19) 

where ~.d = 0~(f~ __ g) is the diffusion flux. Expression 
(19) tells us that internal energy can emerge or disap- 
pear as a result of the work done during expansion or 
compression of a volume element (first term), as a re- 
sult of work done by potential membrane-solution in- 
teraction (second term) and as a result of friction be- 
tween the membrane and permeating solution. It is 
worth noting that the frictional contribution is always 
positive, because the resultant of the forces of friction 
is in the opposite direction to the centre-of-mass veloc- 
ity v. The internal energy conforms to the balance 
equation: 

6flu 
= - div (0 u g +/-q) + ao. (20) 

6t 

where lq is the total heat flux. With (19) and the mass 
continuity equation we can transform Eq. (20) to 

du ~ = - -divfq - pdiv6 + EI/d f/ext'p - -  /~-~i f/ext.p 
(21) 

Using the mass continuity equation one can get 
div~ = odV/d t ,  where V= ~ - 1  is the specific volume. 
Now the basic Gibbs equation is employed. 

ds du dV dy i 
T d t  = d t  + P ~  - 2 f t ' ~  (22) 

where s is specific entropy (per unit mass), fi~ is chemi- 
cal potential and y~ - mass fraction. Using again the 
mass balance we can find that d y / d t  = - V div ~ .  

Now, with (21) the Gibbs equation can be rewritten 
as 

+ Eft,  div If (23) 

Following standard procedures (Baranowski 1974), 
and using the balance equation for entropy one can 
find the entropy source term and thus the dissipation 
function of the form: 

a T =  [aq~q + Z I ~  X ' _ ~32~i f :x t . :  (24) 

where ~ is the flux of conducted heat relative to the 
centre-of-mass velocity ~, and )Tq = - V T / T -  the cor- 
responding force; /d = 0i(g~_ g) is the diffusion flux 
and X i = - (Vfi i )r  + f : x t . ,  _ the corresponding force. 

The form of the dissipation function (24) stays the 
same when we convert from kilograms to moles. This 
can be easily done by using the relations: Q~ = c i M~ and 
fi~ = # ] M i .  So now we return to the previous conven- 
tion when ~ = c i (~ i -  ~) and X~ = - ( V # i ) r  +)~°~'P, 
i.e. molar fluxes and forces per mole. 

The obtained energy dissipation function depends 
explicitly on the external forces of friction and the 
centre-of-mass velocity. That  dependence can be lifted 
by transforming the fluxes to the laboratory frame of 
reference and using the G-D equation together with 
the mechanical equilibrium condition. The result, for 
isothermal systems, is: 

a d T =  ~,I~X~ (25) 

where I~ = c~ v~ are diffusive fluxes relative to the mem- 
brane. In view of the explicit dependence of the dissi- 
pation function (24) on the reference velocity ~ for 
diffusive fluxes, that velocity cannot be chosen arbi- 
trarily. In fact, Prigogine's theorem cannot hold be- 
cause we find that 

- E c i X ~  = E c ~ f  ~ t ' y  (26) 

and not zero as conformity with that theorem would 
require. Introducing the augmented chemical poten- 
tial #~(x) = #~ + #~ to (26) we obtain Eq. (14) yet again. 

IV. Examples of application 

a) Osmosis  

In osmosis water flows from lower to higher pressure 
regions, performing work against external forces at the 
expense of the free energy of the solution. The mecha- 
nism of this simple phenomenon has been the matter  
of controversy (e.g., Soodak and Iberall 1979). The 
usual thermodynamic treatment of osmosis is in terms 
of the chemical potential difference of water on both 
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sides of the membrane. In this way, it specifies the 
energy available for the flow. However, it says nothing 
about the mechanics of the phenomenon, and thus 
about the force which drives water against its pressure 
gradient and the forces of friction. Our Eq. (14) re- 
solves the problem immediately. In an osmotic system 
the forces of external friction are those between the 
membrane and the solution components. Thus Eq. (14) 
gives us: 

c= grad #= (x) - c= ~ £  + % grad #,~ (x) - Cw f~,~ = 0 (27) 

Taking into account that #~(x) = #o + ~p  + #f + #~ 
and Z c~ grad #~ = 0, we obtain: 

E c=f~,, + Cwf~, . - %V#w - Vp = 0 (28) 

where f~,, = f~£ - grad #e is the total force of solute- 
membrane interaction. Equation (28) explains osmosis 
by saying that the solute-membrane interaction force 
drives water against the pressure gradient and the 
force of water-membrane interaction. 

In osmotic equilibrium f~m = 0 because water does 
not flow through the membrane. If the membrane is 
ideally semi-permeable, f/m = 0 and Eq. (28) reduces to 

- c= grad #~ - c .  grad #~ = grad p. Now, as solute is in 
thermodynamic equilibrium, grad g= (x) = 0. The two 
last equations when combined give us: 

(1 -- c= ~=) grad p = R Tgrad c= -- % grad #~ (29) 

where we have taken #~ = R T l n c = .  
This equation we integrate across the membrane as 

follows (see Fig. 1). 
d d d d 

dp - -  ~ c= ~ dp - -  R T t d c ,  - -  ~" c .  d#~w (30) 
0 X2 0 0 

! c w d # ~ =  + + % d # ~ =  (31) 

= ( c ~ ) [ # ~ ( x O  - # ~ ( 0 )  + # U d )  - # ~ ( x g ]  = 0 

Putting p(O) = 0 and denoting by Qp=} and (~ow} the 
average volume occupied by solute and water within 
the active thickness from x2 to d, we obtain: 

rc = - -  R T c  ) ~ ptx2) (32) 

This result tells us that osmotic pressure is slightly 
larger than RTc= (((p~} ~ 1) and it depends weakly on 
swelling pressure p(x2) (((o=}/(~o~} ~ 1). 

b) 7he f r ic t ional  mode l  

As the gradient of the augmented chemical potential 
with the minus sign is the total driving force on a 
component, it must be balanced by the total force of 
friction on the component: g r ad#~(x )= f f .  Thus, we 
can now talk in terms of the so-called frictional model, 
made popular by Spiegler (1958). For solute, water and 

I 

I 

X 1 IX2 d 
Fig. 1. Spatial variation of solute concentration, excess of its 
chemical potential and excess of water chemical potential within 
a semi-permeable membrane 

membrane we thus have: 

grad #= (x) = j~£ + ~ (33) 

The forces of friction can be written as being propor- 
tional to the relative velocities of the components: 

f~£ = - f=m(~= - gin), f ~  = - f~w(~= - gw) (34) 

In the state of osmotic equilibrium (v w ~ 0) and with 
the membrane chosen as the frame of reference, Eqs. 
(33) and (14) can thus be written: 

c=grad#=(x) = - (f~,, + fsw) I= (35) 

c=grad #=(x) + c=grad #w(x  ) = -f~mT, (36) 

Combining (35) with (36): 

c w grad #~ (x) = f~w/-s (37) 

Integration of (35) and (37) across the membrane 
thickness gives: 
d 

c=d#=(x) = - ( f , .  + f=w)I=d (38) 
0 

d 

c,~d#, (x) = Xw/~d (39) 
0 

Now the integrals on the left-hand sides of(38) and (39) 
can be expressed as follows: 
d d 

~ c=d#=(x) = ~ c = ( g d p  + d#~ + R r d l n c ~ )  = 
0 0 

d 

= (p=} Ap + ~ c=d#ff + Arc (40) 
0 

i i (  ocwd#,~(x) = cw V~dp + d#~ - R T  

= Q p . }  Ap  - Arc (41) 
d 

because ~ c ,  d#~ = 0 (see previous example). 
0 d 

The integral ~ c=d#~ = Arc(K= - 1) as will be shown 
0 

later. Using expressions (40) and (41), and combining 
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Fig. 2. Spatial variation of solute concentration, excess of its 
chemical potential and excess of water chemical potential within 
a membrane permeable to solute and water 

(38) with (39), we ob ta in  

q~Ap + K~A~ - f~" + f*w(Ax -- q~wAp) (42) 
fsw 

In t roduc ing  the reflection coefficient cr = Ap/Arc into 
(42), we ob ta in  after some r ea r r angemen t  

_ (43) 
 w(Lm +L ,3  - 

Assuming the usual approximation valid for dilute so- 
lutions: q~w = 1 and q~ = 0, 

r; = 1 K~ f ~  (44) 

d 

In  order  to calculate  the integral  ~ G d # f  we assume the 
o 

solute d is t r ibut ion at the so lu t e -membrane  physical  
interface to con fo rm to the B o l t z m a n n  equi l ibr ium 
dis t r ibut ion 

G = cO e x p ( -  Izf(x)/RT) (45) 

which is consis tent  wi th  the requ i rement  tha t  
V/q(x) = 0. The  funct ions #f (x)  and  G(x) are like those  
in Fig. 2. Within  a h o m o g e n e o u s  m e m b r a n e  /qe(x) 

varies only at the physical  interfaces, so the integral  

( i ! c s d # f  = c, z - c~ e x p ( - # f / R T ) d / ~ f  = (46) 

= Rrc~( l  -K~) + RTc~(K s -  1) = Arc(K~- 1) 

= = Cs /G = exp G /G - -  is the 
par t i t ion  coefficient. 

By using Eq. (14) we have derived the expression 
for a in a very s t ra ight forward  way, with the solute 
par t i t ion  coefficient coming  in very natural ly.  F o r  the 
frict ional mode l  found in the l i terature one can object  
tha t  it equates  the total  force of friction with 
grad  #i --- ~ g rad  p + g rad /~ .  This  is wrong  because 
the gradient  of  the u n a u g m e n t e d  chemical  potent ia l  
does not  conta in  ~ /~ ,  i.e., potent ia l  in terac t ion  be tween 
m e m b r a n e  and  solute, and thus it is not  the total  driv- 
ing force. This obvious  mis take  is then annul led by the 
fact tha t  the solute par t i t ion  coefficient is in t roduced,  
t hough  in a very artificial way (e.g., L a k s h m i n a r a y a -  
na iah  1984). 
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